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A. VAN DE VEN has always sections with isolated zeros, giving a field of complex line elements with isolated singularities. It follows, that the integers occuring as index sums of fields of complex line elements are precisely the Chern numbers 0^(9 <8)^), where r uns through all continuous complex line bundles on V^.
It will be clear, that one can also define holomorphic fields of complex line elements with isolated singularities on V( the two examples given earlier are such fields), and it seems natural to ask questions of the following type:
(1) which index sums 0^(9 0^) can be represented by a holomorphic field with isolated singularities? (2) can the holomorphic fields with isolated singularities, like in the topological case be classified in some sense by the holomorphic sections in vector bundles 9 0 S;, where ^ now is a holomorphic line bundle on V?
In this paper we consider questions of this type and partially answer them.
In fact, the second question can be answered completely by Theorem 4.2 of this paper:
Let Vd, d ^ 2, be a complex manifold^ X a discrete subset of V, a a holomorphic d-vector bundle on V, ? the associated bundle with fibre P^-i, s a holomorphic section of ?|V-X. Then there is a holomorphic line bundle S; on V and a holomorphic section s' of a0^ such that on V-X 5=it(5'), where TC is the canonical bundle map.
It follows that holomorphic fields (with isolated singularities) on a compact complex manifold can be classified in a natural, unique way by (possible empty) Zariski-open subsets of the projective spaces belonging to the complex vector spaces H°(V, 0<E)^), where S mns through all holomorphic line bundles on V.
However, the answer is not completely satisfactory in as far as we have no necessary and sufficient criterion whether a bundle 0 ® ^, having holomorphic sections, has also holomorphic sections with isolated singularities, Nevertheless, our methods provide complete answers in many familiar cases. We give a few examples. 
Preliminaries.

Complex manifolds, vector bundles.
Let Vd be a compact, connected, complex manifold of complex dimension d. The complex structure defines in a natural way an orientation of V. With respect to this orientation we apply Poincare duality H'^V, Z) ^ Hgd-^V, Z), carrying over the multiplicative structure on H*(V, Z) onto H^(V, Z). According to A. Borel and A. Haefliger ( [4] ), it is possible to attach to each analytic cycle on V an element of H^(V, Z), such that the analytic intersection (if defined) corresponds to the homology product as introduced above. If W is another compact complex manifold, and f: V-^ W a continous map, we denote by /** the induced homomorphism for homology.
In this homological framework, the Chern classes Co(^), ...,C<,(S;) of a complex <°-vector bundle ^ on V are homology classes, C^) e Hg^^V, Z).
But for the change from cohomology to homology, we shall use the notations and the basic results of [10] . In particular : PROPOSITION 
-If ^ is a complex elector bundle and Y) a 1-^ector bundle (line bundle) on V, then the total Chern class of the tensor product ^ ® Y] is given by
G(S ® Y]) = (i + CiW + (i + CiW^c^) + • • • + c^).
Let Gn,e be the Grassmann manifold of the (e)-dimensional linear subspaces Ce of the (n + l)-dimensional complex vector space C^. Let the subset E c G X C/i be defined by E== |(g^)eG X Cn.X^g} E is the bundle space of a holomorphic (e) -vector bundle on G, which is called the universal subbundle X on G. If Tn is the trivial (n + l)-vector bundle, then we have an exact sequence 0 -> X -> T^. The quotient bundle co is called the universal quotient bundle on G. It is known that the Chern classes of <o can be represented by certain Schubert • cycles on G, all with a positive sign.
We say that a holomorphic e-vector bundle ^ on a complex manifold V is generated by its (global) sections if the restriction homomorphism H°(V, $) -> H°0 9 ? ^|p) 1 s surjective for all points p e V. PROOF. -From the fact that ^ is generated by its sections, it follows that there exists a holomorphic map f: V -> G, where G is the Grassmann manifold of C^-/ s in a C/i, such that jT((o) == S([l]), P. ^17). The statement now follows from Lemma III. 2 in [19] , modified for the Borel-Haefliger homo-
gy-
Fields of line elements.
In this section we give only some definitions; the theory of the topological case can be found in [12] and [181.
For a (not necessarily compact) complex manifold V^ we denote by 9y the contravariant tangent bundle of V, and by Qy the associated bundle with fibre Pd-i, the complex projective space of complex dimension c?-l. The points of the fibre over x e V of this last bundle are called the complex line elements tangent to V at x, Let A c V be a closed subset of V (possibly empty). A continuous (holomorphic) field of complex line elements with A as singular set or set of singular points will be a continuous (holomorphic) section of the restriction Qy| V --A. In this paper A is always a discrete subset of V, hence the fields of complex line elements considered here are always fields with isolated singularities. It is assumed that the field can not be extended to any point a e A. Then each point a e A has an index of singularity, different from zero, which can be described as follows; take a neighbourhood U of a on V, such that QJU is trivial. For any sphere with centre a (in any Riemannian metric on V) the field defines a map of that sphere into P^-i, which gives (with a standard convention about signs) an element of ^2d-i(Pd-i)? hence an integer.
This integer is independant of the way the metric and the sphere are chosen.
In the case of a holomorphic field, the index of any singularity is always positive. This « well known » fact can be deduced from Lemma 4.1 of this paper and the analysis of a holomorphic map f of a neighbourhood of (0, . .., 0) e C^(y, ..., z/n) into itself with f (z/i, ... 
The surfaces S/».
We consider algebraic surfaces (sometimes called Hirzebruch surfaces) which are the bundle space of an algebraic PI-bundle over Pi. It is known that there is an infinite number of biregularly inequivalent surfaces So, Si, ... S^, .. . all of them of course rational. 2^ can be described as the bundle space of the associated Pi -bundle of the 2-vector bundle on Pi, which is the direct sum of the trivial line bundle and the line bundle of degree n. For n ^ 1 S/» can be characterised among the 2, by the fact that this surface admits a (unique) cross section K^ with K^2 == -n. So is just PiXPi.
i is obtained from Pa by blowing up a point to Ki. The homology class X of the fibres and the homology class Y of K/» form a base for H^Sn, Z). Let ^ and YJ be the C*-bundles on Sn with Ci($) == x and Ci(r\) = y respectively. Then each line bundle on S^ is one of the bundles S; 0 ®^, a, &esZ. The bundle along the fibres is the bundle ^<8)y] 2 and there is an exact sequence
from which it follows that Ci(S/») == (n + 2) x + 2y and €2(2^) = 4. We now show how to calculate dim ?(2^, S^Y] 6 ) for all n, i ^ 0 and a, b e Z arbitrary. We give a general procedure, in particular cases there are simpler methods to get the result more quickly.
First of all, by general theorems ( [11] )
H^.^Yi^Ofor^S.
Furthermore by Serre-duality (loc. cit.)
Once dim H°(S^ ^0^) and dim H 2^, , ^0^) are found, the Riemann Roch theorem gives dim H^S^, ^^Y) 6 ). Therefore, it is sufficient to calculate dim H°(S^, ^(^Y) 6 ) for all a, b e Z. Now if & < 0 there is no algebraic curve on £" in the homology class ax 4-^/? tor (aa; + by).x= b would be negative, which is impossible, because there is always fibre intersecting a given curve in a finite number of points. If we have a curve C in the homology class ax + by with a <; nb (hence b ^ 1), then its intersection with Kn is negative, and K^ is a component of C. Thus we have in this case : Starting from dim H°(S^, ^a) = a + 1 we get the desired result :
where c is the largest number with a ^ nc. The ((closure at infinity)) V of the bundle space W of TJ is a holomorphic Pi -bundle over Pi, namely the Pi -bundle associated with Y), i.e. S^. Let a be any holomorphic 1-dimensional subbundle of Y). Its infinity is a cross section C on V. We claim : C 2 == -2d -n. To see this, let TT : V -> Pi be the bundle projection and ' n:i = ^\c. T^Y)) has a canonical 1-dimensional subbundle y and y|c == TCi^a). Now we have on an exact sequence ( [5] , § 7)
where T denotes the trivial line bundle, (3 the bundle along the fibres and y* the dual bundle of y. (3|c is the normal bundle of C in V, hence Ci((i|c) = C 2 . By restriction of the exact sequence to C we get therefore
by Proposition 2.1. In particular, if we take for a, Y)i, we get a ON HOLOMORPHIC FIELDS OF COMPLEX LINE ELEMENTS 107 section C with C 2 == -n, which has to be K^ for n ^ 1. The homology class of C is y -dx. We have to prove that this homology class can be representated by a holomorphic section if and only if d <; -n, i.e that there is an irreducible curve on S^ representing y + mx if and only if m ^ n. If a curve representing y-\-mx is reductible, it follows from the fact that dim H°(S^ ^a 0 Y) 6 ) for b < 0 that it splits into another section and a number of fibres (with multiplicities). To prove our theorem we have to show that for m ^ n
with n ^ p < m. This however follows from the general formula given above. For n == 0 the argument is similar, but simpler.
Rational homogeneous manifolds.
As was proved in [6] by A. Borel and R. Remmert, each compact homogeneous Kahler manifold is the product of a torus and a rational homogeneous manifold, i.e. a projective homogeneous manifold which is birationally equivalent to P/».
Among the rational homogeneous manifolds are the «irre-ducible » ones, that are those with second Betti number 1. Their classification is known (see for example [5] ), and among them are the projective spaces, more generally the Grassmann varieties, and the complex quadrics of dimension ;> 3. All other rational homogeneous manifolds are fibre bundles with a strictly lower dimensional homogeneous manifold as base and an irreducible one as fibre.
A lemma on holomorphic vector fields on Pn.
Let the non singular algebraic variety V^ be regularly embedded in P^. By a general hyperplane section of V we mean a non singular hyperplane section V n Pn-i, along which V and P^-i intersect simply. It is well known that for all P^-i e P^ (the projective space of P^) outside of a proper algebraic subset of P^, V n P^-i is general. PROOF. -Let ^ be a vector field as described in the lemma and g an element of the one parameter group of collineations, generated by ^. V^ n H is not contained in any hyperplane Pn-2 c H, otherwise the Pn-i through this Pn-2 anc ! a point of V outside H would contain V. Therefore, a general P^-2 c H will intersect V n H in a variety, not contained in any Pn-3 c H. Since V n H is invariant under g, the Pn-s ls invariant under g. So all Pn-2 c H which intersect V n H generally are invariant under g. But the Pn-2 c H, invariant under g form in the dual projective space of H also a Zariskiclosed subset. It follows that all Pn-2 c H are invariant under g, hence that g induces the identity on H, or that % is identically zero on H. Now, by elementary projective geometry, if ^ is not identically zero on P^, ^ has outside H either one or no zero. In the first case the 1-parameter group generated by ^ is just the group transforming each line through the fixpoint into itself and V would have to be a cone, which is impossible. In the second case, for each g there is a point q «= H, such that all the lines through q are transformed into itself. Now it is impossible that V has a finite number of points in common with such a line, because such a pointset is never invariant with respect to g. So V would again be a cone, which is impossible. It follows, that % is identically zero on P^.
REMARK. -The theorem remains true for d == 1 with one exception: a non singular conic in the plane.
An exact sequence of vector bundles on P^.
Let S; be the line bundle on ?", such that Q(S) is the natural generator of H^-g^n? Z), and let T^+i be the trivial (n + 1) -bundle on ?". Then there is an exact sequence of holomorphic vector bundles
For the proof see ( [10] , § 13) or [20] , where more general results are given.
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Holomorphic fields of line elements without singularites.
We start with are the zero sets of the sections of ^. It is known ( 1 ) that each holomorphism of W is induced by a collineation of PN, leaving W invariant. This means that each holomorphic vector field on W is the restriction to W of a vector field on PN. Now if ^ would be a subbundle of Oy? there would be holomorphic vector fields on W, not identically zero, but zero on a general hyperplane section of W. The extension to PN would fulfill the conditions of Lemma 2.5, without being identically zero, which is a contradiction. We are left with the case V^ = P^. In this case we find from (1) as only possibility n odd and k == 2. Hence there would be holomorphic vector fields on P^, zero on a non singular quadric, without being identically zero. It would follow that there exist collineations of P^ different from the identity and leaving a non singular quadric pointwise fixed, which is impossible for d ^ 2. After we have finished the proof for the case n = 1, we consider the general case. Let ^ : V -> V^ be the canonical projection of V onto V^0. In the exact sequence 0 -> E; -> 9v, E == Y]{<0 ••• ®Y)^ where Y), = •7i?((J4), p-i being the line-bundle on V^0 defined in the first part of this proof as Y). First, we exclude the possibility that any A\ > 0. To that purpose, consider a « fibre » W 0^ == (a;i, ..., rc^i, V^0, i-n, ..., o^). W 0^ is regularly embedded in V and biregularly equivalent to V 0^. Clearly, Y^W^ is the trivial bundle for f =^= i and (up to an obvious identification) pi, for / == i. Now OvIW 0^ is the direct sum of the tangent bundle to W 0â nd a trivial bundle T 0^ (of dimension dim V-dim V^). Now, according to the result for n = 1, if W 0^ is not a Pi, [W 0^ is not a subbundle of OW 0^. In any case, if ^ > 0, [W^ would have holomorphic sections, not identically zero, but zero on a divisor. The projection of such a section onto Tŵ ould have the same properties, which is obviously impossible. Therefore, /c, ^ 0 for i == 1, 2, . .., n, unless our field is one of the trivial fields. We can finish the proof of our theorem in exactly the same way as we excluded the case k < 0 for n == 1, provided that we justify the following remark: given an irreducible, positive algebraic cycle C on V, then for REMARKS. -1) The theorem was proved for n = 1 and Vd = Pd in [20] by a different method. There arej still other methods to prove the theorem in this special case, and we mention a few of them.
After it is found, as in the proof above, that k = 2, it is clear that the restriction of ^ to any line in P^ has also degree 2. The restriction of the tangent bundle of P^ to a line Pi c P^ is the direct sum of one bundle of degree 2, namely 9p^, and d -1 bundles of degree 1. From Proposition 2.4 it follows that S;|Pi has to be the tangent bundle to Pi. For d >. 2 this is absurd, because it would have to hold for any line Pi c P^.
Also it is possible to use the exact sequence (2. oci == 2, ag == 0 and ai ==0, ag === 2. Therefore, in this case, there are only continuous fields homotopic to the trivial fields. From this the statement of the theorem follows immediately for this case, because the restriction of a 1-dimensional subbundle S; of 0 with Ci($) = 2Ai to a fibre P X x^ has degree 2 and therefore has to coincide with the tangent bundle to PI X ^2 hy Proposition 2.4.
It is possible that on a product V^XV^X ... XV 00 , as considered in the theorem, the only continuous fields (up to a homotopy of course) are fields on a P^ or Q^, fitted to the product. If this is true, and once we know the theorem for Prf and Q^, it is clear that such a field can be holomorphic only if d = 1 (Pi == Qi) and the same trivial kind of argument as in the case of Pi X Pi will prove the theorem for the general case.
(3) Theorem 3.1 can be generalized in several directions : reducible rational homogeneous manifolds, other simple types of rational manifolds, homogeneous manifolds in general, in particular homogeneous Kahler manifolds, which are always the product of a rational homogeneous manifold and a torus, according to a theorem of A. Borel and R. Remmert ([6] ). In the sequel of this section we consider three examples : flag manifolds, the surfaces Hn, n = 1,2, ... and the product of Pi and an elliptic curve. PROOF. -Let Y be a holomorphic 1-subbundle of 6^, and let y' be the quotient bundle 6/y. Then C(9sJ = Ci(y)Ci(y'). If we set Ci(y) == arc + py, we find by elimination of Ci(y') w ^'-^y-
4
(the case p === 1 is easily excluded). Now if y is not the bundle along the fibres, application of Proposition 2.4 to the restriction of Y to a fibre and to K« gives (3) P < 0, and ether a == np + 2 or a < n(p -1). This will be proved when we show that each section of 9, which is zero on two fibres is zero on K^.
We can cover 2/» by four maps, each biregularly equivalent to the affine plane Cg, with coordinates (^, $1), (z[, Y]i), {z^ ^2) and (^2, ^2) respectively, such that (i) the fibres of S^ are given by z^ = constant and z^ == constant;
(ii) Kn is given by Si == 0 and ^2 == O?
(Hi) the coordinate transformations are (a.o.) given by
everywhere where these expression are defined. Then the restriction of a holomorphic vector ^ on S^ to Cg^i, Si) is It is easy to check that these constants can be chosen arbitrary, from which it follows that dim H°(S^, 6) == n + 5 for n > 1, but we do not need this fact). Now if ^ is identically zero on ^i == 0 and z^ = 0, then a = b = c == 0, i.e. ^ is also identically zero on K^.
REMARK. -On S/» there are several homotopy classes of continuous subbundles of 9. For example, for n = 1 we find, in addition to the case Ci(^) == x + 2y (of the field along the fibres) also the cases a == 0, ? =-1$ a == 2, (3 = 0; a = 2, (3 = 3$ a == -1, ? = -2. According to Theorem 3.3 these homotopy classes cannot be represented by .holomorphic subbundles of 0.
The product V of Pi and an elliptic curve E.
Let xe H2(V, Z) be the homology class of the fibre p X E, and y e I-^V, Z) the homology class of a fibre Pi X e, Using the methods of this section, and the theorem of Borel and Remmert, it seems possible to determine all holomorphic fields of complex line elements on any compact homogeneous Kahler manifold, at least in the following restricted sense. First of all, it seems reasonable to expect a theorem valid for all rational homogeneous manifolds V^, and extending Theorems 3.1 and 3.2. Probably, such a theorem can be proved rather easily in the same way as in the special cases just mentioned, by using the results of J. Tits in [17] . On the other hand, on a torus Te the situation is completely different. Since the tangent bundle of Tg is trivial, a holomorphic 1-subbundle can be seen as a holomorphic map of T<. into P^-i. For a « general» torus there are no such maps but constant maps ( [14] , §2). However, for special tori there are many such maps and to find all of them one has to solve two problems of different nature ( [15] , § 2) : (a) to determine all homomorphisms with a subtorus as fibre from Tg onto any lower dimensional torus TycP^, and (&) to find all (ramified) coverings of Ty onto algebraic varieties in P<-i. Modulo these problems it should be possible to find all holomorphic fields of complex line elements on a product V^ X T<»
The problem to find all holomorphic fields of complex line elements on a compact, complex manifold V^, d ^ 2, is clearly equivalent to the problem of finding all exact sequences (4) o^T->ev^-1 where S; is a suitable holomorphic and T the trivial line bundle on Vd. Given 2;, the following conditions are obviously necessary for the existence of a sequence (4) :
However, these conditions are not sufficient. The trouble is, that all holomorphic sections of Oy <^ ^~~1 can be « non general » in the sense that their (analytic) set of zeros has components of dimension > 0. This can happen in the simplest cases, as is shown by the following example, for which ^ = T. Let C be a curve of genus g ^ 2, Wi == Pi X C, and Wg obtained from Wi by blowing up 4g -4 points Oi, . .., 04 g^ on one and the same fibre p X C, pePr Since C2(Wi) == Euler Poincare characteristic of Wi == 2(2-2g), and blowing up a point adds one to the Euler characteristic, we have (^(Wg) == (4 -4g) + (4g -4) == 0. The identity component of the group of automorphisms of W^, leaving Oi, . . ., 04^4 all fixed is naturally isomorphic to the identity component G of the group of all automorphisms of Wg. Each projectivity of Pi, leaving p fixed induces an automorphism of Wi, leaving p X C pointwise fixed. Therefore, dim H^Wg, OwJ > 0. On the other hand each automorphism g e G leaves a curves invariant, because it is lifted from an automorphism of Wi, leaving p X C pointwise fixed. Hence there are holomorphic sections of Ow,, not identically zero, but all of them are zero on a curve. It does not seem obvious to give a simple criterion that guarantees that 9v0^~1 has at least one section without zero's, once the conditions (a) and (&) are satisfied. But even so, in practise sometimes it will already be difficult to find all holomorphic line-bundles $ satisfying (a) and (6) . In many cases, like in those of this section, it is possible to limit the possibilities a priori, by using special devises. For example, suppose a bundle S; is found, satisfying condition (a). Then, if dim H°(V, S;) > 0 it follows that for each section s of ^ there is a 1-parameter group of automorphisms of V, leaving the zero set of s pointwise fixed, which is often seen to be impossible. Also, in many cases a bundle $ is excluded because its restriction to a (non singular) rational curve on V would be such that it contradicts Proposition 2.4.
Holomorphic fields of line elements with isolated singularities.
Let Vd be a complex manifold, S a holomorphic line bundle on V. If Ov®S has a holomorphic section with only isolated zeros, this section gives a holomorphic field of complex line elements with isolated singularities on V in an obvious way. If V is compact, the index sum of this field equals Cd(0v®^). We shall show that this is the only way of getting holomorphic fields of complex line elements with isolated singularities on any complex manifold V^, d ^ 2. PROOF. -Let Vi be an open neighbourhood of Xiy such that Vi n Uy == <& if i -=f=-/. 5 can be considered as a holomorphic 1-subbundle y of a. If U\ is small enough, it follows from Lemma 4.1 that y has a non vanishing section over Vi -x^ hence y is trivial on U^ -x^ Therefore y can be extended to a bundle on V. Now a^y^jV -X has a section 5" with ^(s") = 5. By Hartogs theorem s" can be exten-ded to a section s' of a ® v~1 over V. Setting $ == y* we get the statement of the theorem. However, due to the same troubles as in the case of fields without singularities, this condition is not sufficient. This follows already from the example in the last part of section 3 and also from the results on Pi X Pi given below. The following theorem gives a criterion wheter a holomorphic rf-vector bundle a on V^ with Cd(a) > 0 has a section with only isolated singularities. 2) It follows from the proof of Theorem 4.3 that the holomorphic sections of 9y0$ with a zero set of strictly positive dimension form (in the case of a compact V) an analytic subset U of the complex vector space H°(V, Oyr^S) with the property that s e U implies y^ e U for all complex numbers y. Therefore, the holomorphic fields of complex line elements with isolated singularities, arising from sections of Ov ^ S are parametrised in a natural way by the points of a Zariski-open subset in the projective space of
H°(v,ev^).
Given any holomorphic field of line elements with isolated singularities on V, there is only one holomorphic line bundle ô n V, such that the field arises from a section on 9v0^. To see this, first consider the case of a field ^ without singularities. If 9v0y] has a section, projecting on ^, we have an exact sequence 0 -> T -> Oy^'y], where T is the trivial line bundle on V, and hence an exact sequence 0 -> Y)~" 1 -> 9, give the same field, ^i and ^ are isomorphic outside of the singularities of the field, but such an isomorphism can be extended to all of V. (This follows for example from Hartogs theorem and the fact that a holomorphic function on a manifold of dimension at least 2 has no isolated zeros).
These remarks give a complete classification of holomorphie fields of complex line elements with isolated singularities on any compact, complex manifold. This classification can be extended in a straight forward way to the case of fields which have singularities in an analytic subset of codimension ^ 2.
We proceed by considering two special cases : PROOF. -For n = 1 the statement follows from the considerations in the proof of Theorem 3.1.
In general, if all a, are non negative, it follows from Proposition 2. 
In particular, the standard fields with one singularity of index 1 (obtained by joining the points of P^ with a fixed point) are the only ones of index 1. But they are not the only ones with exactly one singular point, as will be shown below.
Application of the same ideas to the dual bundle of 6 (i. provided of course that ^ Sj === Cd(a). This is not true in j=i the holomorphic case, even if we restrict ourselves to positive indices and to bundles with many holomorphic sections with isolated zeros. A simple example is the following one. Take for V the projective plane Pg and for a the tangent bundle 9p^. Then there is no holomorphic section of 0 having zeros (of index 1) only on three points on a line, because each project! vity of ?2 leaving three points on a line fixed leaves every point of the line fixed. One can ask, however, more restrictive questions like the following one. Be given positive * integers n^, ...,n^ with ^ n^ == C^(a), does there exist a 1=1 holomorphic section of a having exactly k zeros, of index HI,..., y^ respectively? In particular, does there exist a holomorphic section of a with only one singularity (of index Cd(a))? It does not seem easy to give a general answer to these questions. In be case of P» the remarks above will provide a positive answer to the last question for all bundles Op^Y)" which have holomorphic sections.
As another example, consider the 2-dimensional quadric V == Pi X Pi. On the surfaces S^ we have, with the notations of section 2.
